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Empirical time-oxide layer thickness data of dry thermal oxidation of silicon were converted numerically into instanta-
neous growth rates by Tikhonov regularization. These growth rates are independent of any assumed kinetics of oxidation
or functional form of the original data and can, therefore, be used in model testing of this important industrial process.
A number of numerical issues in the Tikhonov regularization computation, for example, the expected monotonic
decrease in growth rate with time and the large time span of some of the datasets, are addressed. Numerical results
indicate that kinetic data presented in the form of growth rate-oxide layer thickness plots are more sensitive than the
traditional time-oxide thickness plots for use in model testing and for parameter determination. The advantages of this
new approach are demonstrated by three case studies covering the complete oxide thickness spectrum of interest to the
microelectronic industry. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 1810–1820, 2014
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Introduction

Controlled growth of a layer of silicon dioxide (SiO2) on
silicon substrates is a key step in the fabrication of micro-
electronic devices.1,2 A widely adopted method of building
up such a layer is by dry thermal oxidation. In this process,
silicon substrates are exposed to an oxygen atmosphere from
as low as 300�C to as high as 1200�C. The stoichiometry of
the oxidation reaction is represented by

Si 1O2 ! SiO 2 (1)

This reaction is generally performed in tubular quartz reac-
tors placed in a resistance-heated furnace. Silicon substrates
are placed in slotted quartz carriers and pushed into the reac-
tor. Depending on the final application, the thickness of the
SiO2 layer required varies from about a few nm to over 50 nm.
To ensure the required thickness is formed on the substrate,
the conditions of the reaction, such as furnace temperature,
oxygen pressure, and oxidation time, have to be carefully con-
trolled. Exposed silicon reacts with oxygen to form a thin
oxide film. For the reaction to continue, the oxygen has to dif-
fuse through the oxide layer to reach the unreacted silicon.
Thus, the instantaneous rate of growth of the oxide layer dh(t)/
dt depends on the diffusivity of oxygen through the oxide

layer, the thickness of the layer h(t), and the kinetics of the
oxidation reaction (the explicit dependence on t in h(t) will be
suppressed where this does not lead to ambiguity).

In view of its importance to the microelectronics industry,
the growth of the oxide layer has been investigated over a
range of temperatures, oxygen partial pressures, and for dif-
ferent silicon crystal orientations. Numerous sets of tabulated
time vs. thickness, t-h, data can be found in the open litera-
ture. Numerous models have also been proposed to explain
the observed kinetics of oxide growth. Most of these can be
regarded as modifications of the original phenomenological
model of Deal and Grove.3 These authors assumed that the
flux of O2 diffusing through the oxide layer is described by
the pseudo steady-state diffusion equation and that the
kinetics of the oxidation reaction at the SiO2-Si interface is
first order in the interfacial O2 concentration. Equating the
diffusion flux of O2 through the oxide layer to the rate of
consumption of oxygen at the interface they obtained the fol-
lowing relationship between h and t1,2

hðtÞ21AhðtÞ5Bðt1sÞ (2)

where A, B, and s are the parameters of the model. Their
numerical values depend on the diffusivity of O2, the surface
reaction rate constant, the concentration of O2 at the exposed
SiO2 surface, and the thickness of any native oxide layer
that may be present on the silicon substrate at the start of
the thermal oxidation process. Equation 2 is now known as
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the Deal–Grove linear-parabolic model of the oxidation pro-
cess where B is referred to as the parabolic rate constant and
B/A, the linear rate constant.1,2

In dry thermal oxidation, the linear-parabolic model is
able to describe the increase in h(t) with t accurately for
h(t)> 30 nm. For h(t)< 30 nm, this model consistently
underestimates h(t).1 A large number of modifications to the
assumptions made by Deal and Grove have been put forward
to improve its predictive performance. For example, it has
been proposed that oxygen is transported as atomic or ionic
oxygen O instead of molecular O2 through the oxide layer.4

However, there are claims by subsequent authors that this is
not supported by experimental evidence and/or theoretical
analyses.5 A number of investigators suggested that the oxi-
dation reaction may not be localized at the SiO2-Si interface
but is spread out over a region of finite thickness or even
over the entire oxide layer.6–8 Other models replace the sim-
ple first-order surface reaction kinetics with kinetics of
increasing complexity. For example, it has been proposed
that electrostatic charges close to the SiO2-Si interface may
play a role in controlling the rate of the oxidation reaction.9

Because of the difference in the specific volume of Si and
SiO2, stress is generated at the interface and various investi-
gations suggest that the stress or strain may alter the kinetics
of the oxidation reaction or the diffusivity of O2 and may be
responsible for the accelerated initial growth.10–14 The funda-
mental mechanism or explanation, at the microscopic/atomic
level, of many of these modifications remains an open ques-
tion. The oxidation reaction is known to be exothermic,
hence thermal effects may, therefore, be important and may
be responsible for the observed accelerated initial growth.15

Other investigators have included additional semiempirical
term or terms to the first-order interfacial oxidation kinetics
or directly to the rate expression for dh/dt given by the
linear-parabolic model.16–19 From this brief account of some
of the modifications to the linear-parabolic model, it is evi-
dent that the physical processes controlling the growth of the
SiO2 layer are not fully understood and a definitive model of
this industrially important process has yet to be developed.

Blanc examined the possible causes in the failure of inves-
tigations based on t-h data to arrive at a definite model of
the oxidation process.20 He came to the conclusion that for
many of the proposed models the available t-h data do not
have the sensitivity to distinguish one model from another.
He also reported that some physically distinct models can
result in similar mathematical expressions relating h to t.

In kinetic investigations of chemical reactions, there is
often an advantage in using model-independent rate of
change in concentration dc(t)/dt vs. concentration c(t) data
extracted from experimental time-concentration t-c(t) data to
identify the likely kinetic model and to determine the kinetic
parameters in the model compared to the conventional
method of using raw t-c data directly.21 This observation is
likely to remain valid for the silicon oxidation process in
which model-independent plots of h-dh/dt derived from
experimental t-h data are used instead of the raw t-h data.
This approach may overcome some of the issues identified
by Blanc.20

The rate of oxide growth dh/dt depends on the rate control-
ling step in the complex silicon oxidation process. If the slow
rate of oxidation is the rate determining step then dh/dt is
likely to be independent of h. Conversely, if the rate of supply
of oxygen to the oxide-silicon interface is much slower than
the oxidation rate then dh/dt would decrease with increasing h.

Thus, the shape of the h-dh/dt plot provides a very vivid pic-
ture of changes in the rate controlling step of the diffusion-
oxidation process. This is a further incentive for developing
computation procedures for converting experimental t-h data
into model-independent h-dh/dt plots.

It is essential that in the computation of a model-
independent dh/dt the unavoidable measurement noise in the
original t-h data is not amplified. Lubansky et al. demon-
strated that Tikhonov regularization is a reliable procedure
for converting experimental t-c data into dc/dt without
amplifying measurement noise.22 This investigation describes
the extension of this procedure to t-h data in which a number
of significant modifications are introduced. The procedure
will then be used to convert a number of sets of experimen-
tal t-h data taken from the literature into model-independent
h-dh/dt plots. The performance of a number of kinetic mod-
els of the of the diffusion-oxidation process in the literature
are then used to describe these regulated h-dh/dt plots. Limi-
tations of these models are discussed and modifications
explored. The main aim here is to demonstrate the advan-
tages of using model-independent h-dh/dt plots in model
identification and parameter determination.

Integral Equation for the Derivatives

A typical set of oxide layer thickness measurements takes
the form: (tm, hm) 5 {(tm1 ,hm

1 ), (tm2 , hm
2 ),::::: (tmi , hm

i ),:::: (tmND
,

hm
ND

)}. In some of the earlier datasets ND is relatively small,
between 10 and 30 points. With the development of new mea-
surement techniques some experimenters reported data with
ND as large as 500–600 points covering a time span spreading
over 3 to 4 decades. The superscript m is used here to distin-
guish the experimental data from the computed results which
will carry the superscript c. The main computation task is to
convert experimental (tm, hm) measurements into instantane-
ous growth rate dh/dt without making any assumption regard-
ing the underlying kinetics. Direct numerical differentiation,
for example, by finite difference is unlikely to be satisfactory
as this would amplify the unavoidable noise in the data.
Tikhonov regularization as implemented by Lubansky et al.
will be adapted to compute dh/dt.22 A critical step of this
method is the regularization parameter k used to keep noise
amplification under control. Detailed description of this
method can be found in Engl et al.23 and Lubansky et al.22 A
brief outline of the steps involved highlighting the modifica-
tions introduced is given later.

Tikhonov regularization computation used to obtain the
second derivative d2h/dt2 from the measured data (tm, h

m)
does not assume either the functional form of the data or
that of the resulting second derivative. The computed second
derivative is then integrated numerically to yield dhc/dt
which is in turn integrated to give hc. All these results are
independent of any assumed kinetic model. For convenience
the computed first and second derivatives will be denoted by
r(t) 5 dhc/dt and f(t) 5 d2hc/dt2, respectively.

The second derivative is related to the computed thickness
hc by24

hcðtÞ5
ðt

t05t1

ðt2t0Þf ðt0Þdt01h11tr1 (3)

This relationship is exact and the independent variable t
varies from t 5 tm

1 to t 5 tmND
. In the computation scheme, Eq.
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3 is treated as an integral equation of the first kind to be
solved for f(t) and h1 and r1—the estimated thickness and its
first derivative at t 5 t1, respectively. The time span of the
experimental data under investigation is discretized into reg-
ularly spaced points t 5 [t1 5 tm

1 , t2 .,:: tj, . . ..tNK
5 tmND

]T and
the unknown function f(t) at these points is represented by
the unknown column vector f 5 [f1, f2,. . .fj,. . . fNK

]T. NK is
the number of discretization points, typically NK >> ND.
When f is substituted into Eq. 3 and the integral approxi-
mated by the Simpson’s rule, this yield a linear algebraic
equation for hc(t), at each of the measurement times tm, in
terms of the unknowns f and r1 and h1. The computed values
of r1 and h1, needed in subsequent computation, will be
referred to as the computed initial rate and initial thickness,
respectively.

The unknowns [f, r1, h1]T are required to minimize

1ð ÞS15
XND

i51

hm
i 2hc

i

� �2

2ð ÞS25
XNK21

j52

d2f

dt2

� �2

tj

(4)

Condition (1) ensures that hc(t) approximates hm(t) closely
and condition (2) ensures that f(x) does not show spurious
fluctuations. In Tikhonov regularization, instead of minimiz-
ing (1) and (2) separately, a linear combination R 5 S1 1 kS2

is minimized.23 k, the regularization parameter, balances
these two requirements. A large k favors the smoothness
condition, whereas a small k favors the accuracy condition.

For a given k, minimizing R resulted in a set of linear
algebraic equation for the unknowns [f, h1, r1]T. As imple-
mented by Lubansky et al., through a series of standard
matrix operations, these unknowns are given explicitly by
inversion of a matrix. It was found that, for some sets of
time-thickness data, particularly those with less than 30–40
data points, the resulting dh/dt may not be monotonically
decreasing. This is against the physical expectation of the
growth of oxide layer. In such cases, an additional condition
at each discretization point

d2f

dt2

� �
tj

< 0 for j51 to NK (5)

has to be imposed. As a consequence, the unknowns [f, h1,
r1]T can no longer be obtained by matrix manipulation.
Instead numerical minimization of R now has to be per-
formed. This is performed using well established numerical
minimization procedure with imposed constraints. The proce-
dure of Lubansky et al. also has to be modified when dealing
with data that spread over 3–4 decades of oxidation time.
For such large time span, a uniform discretization grid in
time will lead to inadequate representation of data at small t.
Here, the Tikhonov regularization computation is carried out
with a uniform grid in the independent variable s 5 log t
instead of t. The use of logarithmic variable is a standard
practice when dealing with experimental data spreading over
more than 4 decades.25

The choice of k depends on ND and NK and on the noise
level in the data.23 In this investigation, the choice of k will
be guided by generalized cross validation (GCV) as
described by Wahba.26 In cases where GCV does not work,
k is selected so that the average deviation of hc(t) from h

m is
comparable with the estimated error bars of the experimental

data and such that the resulting derivatives do not show
unrealistic fluctuations. This is referred to as the Morozov
principle in some mathematical text.23

Oxide Layer Thickness Data and Growth Rate

Equations 3–5 will now be used to convert a number of
sets of oxide layer thickness data into model-independent
rate of growth. All the datasets analyzed are for dry thermal
oxidation. Oxidation conditions and other experimental
details associated with these data can be found in the origi-
nal articles and will not be repeated here. All the Tikhonov
regularization computations reported later, including the
GCV curves, were performed after the thickness data and all
unknowns have been converted into dimensionless form.

Data of Deal and Grove

Deal and Grove published several sets of (tm, hm) data in
1965.3 These have been analyzed extensively and formed the
basis of a large number of progressively more complex mod-
eling studies of the diffusion-oxidation process. The discrete
points in Figure 1a are the data of these authors for the oxi-
dation of silicon (111) at 700�C. These were reproduced by
scanning and digitizing a large scale plot.1

When the matrix procedure of Lubansky et al. was applied
to this set of (tm, hm) data the resulting second derivative
takes on positive values toward the end of the time span.
This means that dhc/dt is not monotonic decreasing and is,
therefore, physically unacceptable. As aforementioned, the
additional constraint Eq. 5 has to be imposed to ensure a
monotonic decreasing rate. Numerical minimization, instead
of matrix operations, was used to generate the set of
unknowns [f, h1, r1]T that minimizes R. The resulting model-
independent d2hc/dt2 is shown in Figure 1b as a dark contin-
uous curve. NK 5 81 for this result. The regularization
parameter k 5 10 (dimensionless) is based on the minimum
exhibited by the GCV curve in Figure 1c. It should be
stressed that the numerical value of k is not a physical prop-
erty of the oxidation process as its value depends on the
noise in the data as well as on ND and NK.

The monotonic first derivative dhc/dt obtained by integrat-
ing d2hc/dt2 numerically is shown in Figure 1d and the corre-
sponding hc(t) obtained by similar computation from dhc/dt
is shown as a dark continuous curve in Figure 1a. In these
computations, the rate and thickness (r1, h1) generated by
Tikhonov regularization were used as initial conditions. All
these results are independent of any assumed model. The
average deviation between hc and hm in Figure 1a is 4.59%.
To reveal explicitly the variation of oxide growth rate with
thickness, dhc/dt is replotted against hc in Figure 1e as a
dark continuous curve. This curve clearly is also independent
of any assumed model of the oxidation process.

Reisman et al. proposed a power-law expression to model
the silicon oxidation process27

hc5a1ðt1a2Þa3 (6)

where a1, a2, and a3 are the parameters of the model. This
yields a very simple expression for dhc/dt

dhc

dt
5a1

1=a3 a33hcða321Þ=a3 5a4hca5 (7)

a4 and a5 are directly related to a1 and a3 but for computa-
tion purpose it is more convenient to treat them as the new
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Figure 1. Deal and Grove Data.1,3

(a) Comparison of measured and computed thicknesses. Discrete points: experimental data; dark continuous curve: model-

independent thickness from Tikhonov regularization; light continuous curve: thickness from the power-law model using Fair’s

parameters1 Eq. 8; light squares: back-calculated from best-fit power-law rate expression Eq. 10; dark triangles: back calculated

from rate expression Eq. 13 based on Blanc’s model. (b) Temporal plot of the second derivative given by Tikhonov regularization.

(c) Dimensionless GCV plot showing a minimum at k 5 10. (d) Temporal plot of the first derivative from Tikhonov regularization.

(e) Spatial plots of the first derivative. Dark continuous curve: model-independent from Tikhonov regularization; light continuous

curve: from power-law model Eq. 9 based on Fair’s parameters1; light squares: best-fit power-law rate expression Eq. 10; dark tri-

angles: best-fit rate expression Eq. 13 based on Blanc’s model.
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independent parameters. With Eq. 6, Fair reported the fol-
lowing expression1

hc50:335ðt10:40521Þ0:571
(8)

for the thickness data in Figure 1a, where t is in minutes and
hc is in nm. For comparison, this is shown on the same plot
as a light continuous curve. Following Fair, this curve is
plotted over a time span larger than the available experimen-
tal data. Using the values of a1 and a3 reported by Fair to
evaluate a4 and a5 in Eq. 7 led directly to

dhC

dt
50:084109hc20:751313

(9)

This rate of growth, as required by physical expectation,
is monotonic decreasing and is shown in Figure 1e as a light
continuous curve. There is a very significant difference
between this model-based rate curve and the model-
independent rate curve.

Instead of computing the values of a4 and a5 from the values
of a1 and a3 as reported by Fair they can also be determined
directly by standard least-squares minimization between Eq. 7
and the model-independent curve in Figure 1e giving

dhC

dt
50:235505hc21:04461

(10)

The units of t and hc are the same as those in Eqs. 8 and 9.
This expression is significantly different from Eq. 9 and is
shown as a curve of light squares in Figure 1e. It is closer to but
still significantly different from the model-independent dh/dt
curve generated by Tikhonov regularization. However, when
Eq. 10 is solved, as a first-order ordinary differential equation
(ODE) for hc with h1 as the initial condition, the resulting
model-based hc is again in satisfactory agreement with the orig-
inal data. This is shown as a curve of light squares in Figure 1a.

The two lighter curves in Figure 1e illustrate clearly that
the rate expressions given by Eqs. 9 and 10 are unable to
provide a satisfactory description of the growth rate vs.
thickness result generated by Tikhonov regularization sug-
gesting that more general rate expressions are called for. In
his Variable Diffusivity Model, Blanc assumed that the dif-
fusivity of O2 changes through the oxide layer and arrived at
the following expression20

t5c01c1hc1c2hc21c3ln ½11c4hc� (11)

that gives the oxidation time as a function of oxide thickness. In
this investigation, the parameters c0, c1 and so forth will be
treated as unknowns to be determined numerically by least-
squares minimization. They can, however, be expressed in terms
of the various assumed material properties in the model proposed
by Blanc.20 Blanc has shown that Eq. 11 is capable of describing
time vs. thickness data with a large number of data points. As
expected, it is also able to fit the small number of points in data-
set in Figure 1a (not shown). The objective here is to test the
ability of the rate expression derived from Eq. 11 in describing
the h-dh/dt curve generated by Tikhonov regularization.

Upon differentiation Eq. 11 yields a rate expression that
can be reduced to the general form that is convenient for the
purpose at hand

dhc

dt
5

11a3hc

b3hc21c3hc1d
(12)

Here, the parameters a, b, c, and d can be expressed in
terms of the parameters in Eq. 11 and hence with the origi-

nal parameters in Blanc’s model. Least-squares minimization
of the fractional deviations of dh/dt from the Tikhonov regu-
larization curve in Figure 1e led to

dhc

dt
5

110:002403hc

0:001907hc220:005629hc10:138528
(13)

where t and hc are in minutes and nm, respectively. This
expression is shown as a curve of dark triangles in Figure
1e. It is in much better agreement with the model-
independent curve than the rate expressions Eqs. 9 and 10
even though differences still remain, particularly at the two
ends of the data span. The back-calculated hc based on this
expression is shown as a curve of dark triangles in Figure
1a. It is, as expected, very close to the model-independent
dark continuous curve and to the experimental data.

Data of Hopper et al.

Hopper et al. used in situ ellipsometry to measure the oxide
layer thickness in dry thermal oxidation of silicon (100) and
(111) over a range of temperature and O2 pressure.28 Steps
were taken to remove the native SiO2 layer before initiating
the thermal oxidation process. In their (tM, hM) data, tabulated
by Blanc, tM ranged from less than 10 s to just over 47,000 s
and the reported hM ranged from 1 nm to just over 90 nm.20

As with the data of Deal and Grove these data have been the
subject of a number of modeling investigations.

The large time span of Hopper’s data means that a uniform

discretization grid in time would lead to inadequate represen-

tation of the data at small t. This is overcome by introducing

the logarithmic variable s 5 log10t as the independent variable

and the (tm, h
m) data are converted into (sm, h

m) prior to per-

forming Tikhonov regularization computation. The results are

then converted back to the physical variables d2hc/dt2, dhc/dt,

and hc. It was found that the dhc/dt curve given by the matrix

procedure of Lubansky is monotonic without the necessity of

imposing the additional condition in Eq. 5. This resulted in

some savings in computing effort.

A typical set of Hopper’s data (set 7 of Blanc’s tabula-
tion), for silicon (111) oxidized at 870�C and O2 pressure of

1.56 atm, is shown as discrete points in Figure 2a. This set

has been analyzed in detail by Blanc.20 The number of data

point ND 5 91. The d2hc/dt2 generated by Tikhonov regulari-

zation is shown in Figure 2b. The horizontal axis, in this and

in a number of subsequent plots, is displayed in the logarith-

mic scale to reveal the details of rapid initial growth. The

corresponding model-independent dhc/dt and hc obtained by

integration are shown in Figures 2c, a, respectively, as con-

tinuous curves. The number of discretization points in the

logarithmic variable s is NK 5 801. The GCV curve for this

set of data does not exhibit a minimum and, therefore, pro-

vide no guidance in the choice of the regularization parame-

ter k. In this case k was based on the Morozov principle. In

Figure 2a, the average deviation between the hc and the

experimental data is around 1.42% with the error being larg-

est close to the start of the oxidation process. As in the pre-

vious example, dhc/dt is plotted against hc in Figure 2d.

These plots show that dhc/dt is indeed monotonic decreasing

over the time and oxide thickness spans covered by the

experimental data. In agreement with Blanc’s observation,

there does not appear to be a significant constant rate region

as is usually assumed by analyses based on the Deal–Grove

model.20
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Adopting Blanc’s variable-diffusivity model and minimiz-
ing the fractional deviations between Eq. 11 and the tm of
the data in Figure 2a led to

t5146:86931111:0845 hc11:3968 hc22155:2522

ln ð113:5056 hcÞ
(14)

where t is in seconds and hc is in nm. The curve given by
Eq. 14 is essentially indistinguishable from the model-
independent dark continuous curve in Figure 2a. For clarity,
this new curve has been left out.

Differentiation of Eq. 14 followed by algebraic manipula-
tion led to

dhc

dt
5

113:50559 hc

9:79334 hc21392:211 hc2433:167

5
0:01154

hc21:0755
1

0:3464

hc141:125

(15)

This gives the growth rate, in nm s21 explicitly in terms
of hc in nm. It is plotted as a light continuous curve in Fig-
ure 2d. Over part of the thickness span, it is in satisfac-

tory agreement with the model-independent dh/dt curve
generated by Tikhonov regularization. However, because
of the singularity at hc 5 1.0755 nm, Eq. 15 deviated
greatly from the model-independent curve for small hm.
The light continuous curve has to be terminated before
the singularity.

In their Parallel Oxidation Model, Han and Helms pro-
posed that there are two oxidizing species responsible for the
formation of SiO2.16 They arrived at a two-term rate expres-
sion of the general form

dhc

dt
5

A1

hc1B1

1
A2

hc1B2

(16)

The parameters A1, A2, B1, and B2 in this expression are
closely related to but not identical with the original parame-
ters of Han and Helms. The two terms represent the separate
contribution of the two oxidizing species to the overall rate.
Blanc integrated the rate expression in Eq. 16 and through a
series of algebraic manipulations arrived at an expression
with exactly the same functional form as Eq. 11. Comparing

Figure 2. Data of Hopper et al.28

(a) Comparison of measured and computed thicknesses. Discrete points: experimental data; dark continuous curve: model-

independent thickness from Tikhonov regularization and also best-fit Blanc’s model20; light triangles: back-calculated from best-fit

rate expression Eq. 17 based on Blanc’s model. (b) Temporal plot of the second derivative given by Tikhonov regularization. (c)

Temporal plot of the first derivative from Tikhonov regularization. (d) Spatial plots of the first derivative. Dark continuous curve:

model-independent from Tikhonov regularization; light continuous curve from Blanc’s model20; light triangles: best-fit rate expres-

sion rate expression Eq. 17 based on Blanc’s model.
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the integrated expression with Eq. 11 he was able to estab-
lish the relationships between the parameters in the two
models in spite of the fact that they are based on entirely
different physical assumptions.

However, it should be noted that, depending on the values
of the numerical coefficients, it is not always possible to fac-
torize the denominator in the general rate expression based
on Blanc’s model, Eq. 12, into two real factors as proposed
by Han and Helms. This is the case with the rate expression
in Eq. 13. And even when factorization is possible, as in Eq.
15, the resulting terms may not always give a positive
growth rate individually as required by the model of Han
and Helms. Thus, model-free h-dh/dt data have revealed that
the two models are not strictly equivalent.

As in the previous example, instead of taking their values
from Eq. 14, the four parameters in Eq. 12 were determined
by least-squares minimization with the model-independent
hc-dhc/dt curve in Figure 2d and the outcome is

dhc

dt
5

110:27618 hc

0:595655hc2144:344 hc223:633

5
0:02548

hc20:5292
1

0:4382

74:97501hc

(17)

where t and hc are again in s and nm, respectively. This rate
expression is displayed as a curve of light triangles in Figure
2d. This new model-based rate curve is in slightly improved
agreement with the model-independent curve than Eq. 15.
Deviation again becomes significant at low hc as a conse-
quence of the singularity which now lies outside of the span
of the computed thickness hc. Notwithstanding this signifi-
cant deviation, when Eq. 17 is solved, as a first-order ODE
for hc(t) with h1 as the initial condition, the resulting hc

curve is in very good agreement with the original data of
Hopper et al. This back-calculated hc(t) is shown as a curve
of light triangles in Figure 2a. This suggests that a model
capable of mimicking model-independent h-dh/dt data will
generally yield a hc(t) curve that is in good agreement with
(tm, hm) data.

Data of Enta et al.

Enta et al. used in situ ambient pressure x-ray photoelec-
tron spectroscopy (APXPS) to investigate the growth of
SiO2.29 This technique allowed them to measure oxide thick-
ness in the range of 0–3 nm with an estimated precision of
0.1–0.2 nm. This thickness range is particularly relevant to
the present day microelectronic industry. A typical set of the
APXPS data for oxidation of Si(100) surface at a relatively
low temperature of T 5 300�C and oxygen pressure P 5 1
Torr, based on the data files provided by Enta et al., is
shown in Figure 3a where ND 5 583. Figure 3b is an
enlargement of the data points for small time t.

Using the logarithmic variable s, these data have been
converted to the second derivative curve in Figure 3c with
NK 5 801. In the Tikhonov regularization computation, the
first five data points with hm< 0.15 nm (approx.) have been
ignored as these points have error bars too large to be
handled by the regularization procedure and will result in
negative growth rate or nonmonotonic decreasing rate for
small t. See Figure 3b where the points left out are shown as
dark squares. The choice of the regularization parameter for
Figure 3c was guided by the minimum in the dimensionless
GCV curve shown in Figure 3d. As in previous examples,
the d2hc/dt2 curve was integrated numerically to yield the

dhc/dt curve in Figure 3e and the hc thickness vs. time curve
in Figures 3a, b. The average deviation between the hc curve
and the h

m is 4.39% with the largest error at small hc. Figure
3f shows the variation of dhc/dt with hc as a dark continuous
curve.

Following previous examples, the general rate expression
derived from Blanc’s model in Eq. 12 was used to describe
the rate vs. thickness relationship in Figure 3f. This has not
been successful as the curve that minimized the fractional
deviations does not show a monotonically decreasing rela-
tionship between h and dh/dt at small thickness. See curve
of light squares in Figure 3f. This is physically unacceptable
and can be taken as an indication that the growth rate there
may require special treatment.

Recently Cui et al. examined the oxide growth data of
Enta et al. and proposed a two-regime model to describe
such data.30 As the name implies, this model relies on two
separate expressions to describe the variation of hc with t

hc5d1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2d2t21
p

for hc � htrans

hc5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d3t1d4

2
p

for hc > htrans

(18)

d1, d2, d3, and d4 are parameters that depend on the kinetic
constants of the oxidation reactions and the diffusivities of
the reacting species—either oxygen ion or molecular O2 in
the two regimes. These authors assumed that at some critical
oxide thickness htrans, there is an abrupt transition from the
rapid growth observed in the thin oxide regime to the
reduced growth rate in the thick oxide regime. htrans, together
with d1, d2, d3, and d4, forms the set of unknown parameters
of the problem. As can be seen in Figure 3f, the dhc/dt
changes smoothly with hc and does not exhibit an unambigu-
ous htrans.

The results of Tikhonov regularization computation, in
particular the shape of the hc-dhc/dt curve, can be used to
modify the two-regime model. Following previous examples,
the two expressions in Eq. 18 are differentiated and rear-
ranged to yield two rate expressions in terms of hc.

dhc

dt

� �
I

5k1hc1
k2

hc

dhc

dt

� �
II

5
k3

hc

(19)

The parameters k1, k2, and k3 are related to the parameters
in Eq. 18 but for computation purpose they are treated as
new independent parameters. Instead of having the growth
rate changing abruptly from (dhc/dt)I to (dhc/dt)II at some
htrans, it is assumed that there is a gradual transition from
one to the other. Such a rate can be expressed as

dhc

dt
5Gðhc; k4; k5Þ

dhc

dt

� �
I

1½12Gðhc; k4; k5Þ�
dhc

dt

� �
II

(20)

The logistic function, Gðhc; k4; k5Þ51=ð11ek4ðhc2k5ÞÞ with
two positive parameters k4 and k5, is used to link up (dhc/dt)I

and (dhc/dt)II.
31 For small hc, the logistic function

approaches 1, the composite rate approaches (dhc/dt)I. Con-
versely, as hc becomes large, the logistic function approaches
zero and the composite rate approaches (dhc/dt)II. k4 controls
the steepness of the transition and k5 the general location of
the transition, that is, a role similar to htrans.

k4 and k5 together with k1, k2, and k3 now form the
set of parameters of the composite model. Although it
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may be difficult to determine these parameters from the
(tm, h

m) data in Figure 3a, it is relatively simple to
determine them by standard least-squares minimization
of Eq. 20 and the model-independent hc-dhc/dt curve in
Figure 3f. The outcome of the least-squares minimiza-
tion is

dhc

dt
5G�

0:084608

hc
20:000098055 hc

� �
1 12G�ð Þ 0:0038111

hc

� �

(21)

where G�51=ð11e1:50971ðhc24:7566ÞÞ is the fitted logistic func-
tion. The t in Eq. 21 is in s and the hc in Eq. 21 and G* is

Figure 3. Data of Enta et al.29

(a) Comparison of measured and computed thicknesses. Light discrete points: experimental data; dark continuous curve: model-

independent thickness from Tikhonov regularization; dark triangles: back calculated from best-fit composite rate expression Eq.

21. (b) Enlargement of (a) for small t. (c) Temporal plot of the second derivative given by Tikhonov regularization. (d) Dimension-

less GCV plot showing minimum at k 5 6200. (e) Temporal plot of the first derivative from Tikhonov regularization. (f) Spatial

plots of the first derivative. Dark continuous curve: model-independent from Tikhonov regularization; dark triangles: best-fit com-

posite rate expression Eq. 21; light squares: best-fit rate expression Eq. 12 based on Blanc’s model.
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in nm. The composite rate expression is plotted as a curve of
triangles in Figure 3f. The hc curve back calculated from
this expression is shown as a curve of triangles in Figures
3a, b. It is in satisfactory agreement with the model-
independent curve. As in previous examples, notwithstanding
the deviation in Figure 3f for small thicknesses, the back-
calculated hc is in very satisfactory agreement with the
experimental (tm, hm) data and also with the model-
independent curve in Figures 3a, b.

In the above computation, the logistic function was used
to link the two separate rate expressions. Other sigmoid
functions, of which the logistic function is a typical member,
can equally be used to perform this function.32 Justification
and selection from this group of functions will require not
only the expressions for different rate models but also physi-
cal details of the transition between them. This is likely to
involve examination of the full diffusion-reaction equation
instead of its pseudo steady-state simplification that is usu-
ally assumed. The full equation is a parabolic partial differ-
ential equation with a moving boundary.33 Treatment of this
equation is beyond the scope of the present investigation.34

Discussion

Tikhonov regularization originally developed to obtain
reaction rates of chemical reactions from experimental
concentration-time data has been extended to the diffusion-
oxidation problem of silicon oxidation. With the imposition
of the additional condition of negative second derivatives (if
required), it has been successful in converting experimentally
measured oxide layer thickness data into monotonic decreas-
ing instantaneous rate of oxide growth. This success is attrib-
uted to the adjustable regularization parameter that maintains
a fine balance between noise amplification inherent of
numerical differentiation and the retention of as much of the
physical information in the time-thickness data as possi-
ble.22,35 This is a major improvement over unregularized
numerical differentiation procedure such as the various finite
difference schemes36 or differentiation based on spline
curves such the popular Savitzky–Golay method.37

From the way the Tikhonov regularization rates were
obtained, it is clear that they are independent of any assumed
functional relationship between time and thickness data and
between rate and thickness. This is essential for the rates to
be used in model testing. This would not be the case if the
rates were obtained by differentiating curves that were fitted,
either locally or globally, to match the experimental time-
thickness data.

The rate of growth of the SiO2 layer depends on the diffu-
sion of the oxidizing species through the oxide layer and
oxidation kinetics at the oxide-silicon interface. It is, there-
fore, not surprising that most theoretical investigations of the
process resulted in expressions, such as Eqs. 7, 12, 19, and
20, relating the growth rate dh/dt to the oxide thickness h.
Plotting model-independent growth rate dh/dt against h is
thus the natural way of presenting experimental data for use
in model testing and parameter determination.

Examination of the back-calculated hc curves in Figures
1a and 2a shows that in each plot the rate models considered
may be very different but all the model-based hc curves are
able to approximate the experimental data with similar
degree of accuracy. This confirms Blanc’s observation that
available (tm, hm) data lack the sensitivity to distinguish one
model from another.

Conversely, examination of the model-based dhc/dt curves
in Figures 1e, 2d, and 3f reveals a very different situation. hc

curves that are closed together do not necessarily have deriv-
atives that are also close together. This is because differen-
tiation amplifies the small differences between the hc curves.
When the model-based dhc/dt curves are compared against
their model-independent counterparts it becomes evident
which rate model is able to provide, simultaneously, the
most accurate description of the experimental hm and the
model-independent dhc/dt. The hc-dhc/dt curves have suc-
ceeded where the (tm, hm) data have failed.

In all the cases investigated, the least-squares minimiza-
tion of the difference between a rate model and the model-
independent hc-dhc/dt curve converges smoothly to a well-
defined set of model parameters with no significant numeri-
cal difficulty. The simplicity of this computation is particu-
larly apparent in the case of the composite model in Eq. 20.

All these observations taken together back up the general
assertion that matching model-independent hc-dhc/dt plots is
a more stringent and yet simpler test of rate models of the
silicon oxidation than raw (tm, hm).

Numerical experimentations showed that it is relatively
simple to modify existing rate expressions for dhc/dt, such as
those investigated above, to improve their performance in
describing the hc-dhc/dt curves generated by Tikhonov regu-
larization. The ease with which such modifications can be
implemented and tested more than justified the additional
effort involved in the Tikhonov regularization computation.
It is just as simple to use these regularized hc-dhc/dt curves
to test completely new rate expressions of the oxidation-
diffusion process. Such regularized rate curves make model
testing so simple that it can easily degenerate into a mindless
curve fitting exercise. Therefore, it is necessary to bear in
mind that the ability of an assumed rate expression to
describe a regularized curve hc-dhc/dt on its own does not
make it an acceptable rate model. Unless the assumed func-
tional form has a plausible physical explanation it has to be
rejected. For example, a quick computer run will show that a
fourth-order polynomial of the form

dhc

dt
5b01b1hc1b2hc21b3hc31b4hc4 (22)

is, with different numerical parameters, able to describe the
three Tikhonov rate curves in Figures 1e, 2d, and 3f with a
degree of fidelity higher than that observed in this investiga-
tion. However, in the absence of physical justifications such
an empirical rate expression cannot be accepted. In compari-
son, the rate expression derived from Blanc’s model and the
composite expression based on Cui’s model, with their plau-
sible physical interpretation, are models that can be consid-
ered for possible modification and further exploration with a
larger number of datasets under different oxidation
conditions.

A number of simple but crucial modifications of the
method as implemented by Lubansky et al. had to be incor-
porated in the present investigation. The key one, where
required, is that needed to ensure that growth is monotonic
decreasing based on physical expectation. This was achieved
by requiring the second derivative to be negative throughout
the oxidation time span. This required the use of a numerical
procedure instead of matrix operations to obtain the
unknown second derivatives at the discretization points
which increased slightly the computation time required. As
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efficient numerical minimization procedures with constraints
can be found in most scientific computing software, the addi-
tional programming effort is minimal.

Another essential modification is the introduction of the
logarithmic variable s 5 log t to cope with the large range in
time of the oxidation (tm hm) data. The transformation
between logarithmic variables and physical variables only
requires a small number of simple numerical data manage-
ment steps post Tikhonov regularization computation. These
can be handled automatically within the computer program.

The regularization parameter is able to keep the amplifica-
tion of noise in the data in check even when there is signifi-
cant scatter in the thickness data. The method is able to
obtain reliable model-independent growth rate of the oxide
layer over a wide range of thickness, from a few nanometres
to just over 95 nm. In this investigation where possible GCV
was used to guide the choice of the regularization parameter
k. Where this is not possible the physically obvious Morozov
Principle was used. In both cases, it is essential that the
resulting derivatives should not exhibit excessive or unrealis-
tic fluctuations. This clearly involves a certain degree of sub-
jective judgement. This can be regarded as a means of
incorporating the physical knowledge/understanding of the
oxidation process into the computation process. Experience
showed that provided the chosen k is of the appropriate
order of magnitude, small changes in k do not greatly affect
the resulting model-independent dh/dt. Fine tuning of this
parameter is generally not required.21

Conclusions

Tikhonov regularization provides a reliable means of con-
verting experimental time-thickness data into model-
independent growth rates for the silicon oxidation process.
Presented in the form of computed thickness vs. growth rate
plots they provide an effective tool for model development
and testing and for the numerical steps in parameter determi-
nation. This way of performing model identification is more
sensitive than the traditional method of matching measured
thickness against computed model-based thickness.
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Notation
A, B = Deal–Grove model parameters

A1, A2, B1, B2 = Han and Helms model parameters
G, G* = logistic function

ND = number of data point
NK = number of uniformly spaced discretized point

R = linear combination of sum of squares
S1, S2 = sum of squares of difference

a, b, c, d = parameters in the rate expression based on Blanc’s
model

a1, a2, a3 = parameters in power-law model for oxide thickness
a4, a5 = parameters in growth rate expression based on

power-law model
b0, b1, b2, b3, b4 = parameters in polynomial model for dh/dt

c = denotes concentration
c0, c1, c2, c3, c4 = parameters in Blanc’s model for oxide thickness

c = denotes computed value (superscript)
d1, d2, d3, d4 = parameters in Cui’s model for oxide thickness

f = second derivative of h(t)
f = column vector of unknown discretized second

derivative
h = thickness of oxidized layer
h = column vector of discretized thickness

htrans = transition thickness in Eq. (18)
i, j = integer (subscript)

k1, k2, k3 = parameters in expression for rate of growth based on
Cui’s model

k4, k5 = parameters in logistic function
m = denotes measured value (superscript)
r = first derivative of oxide thickness
s = log10t
s = uniformly discretized s
t = time
t = uniformly discretized time

Greek letters
k = Tikhonov regularization parameter
s = Deal–Grove model parameter
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